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ABSTRACT
The focus of this work is to study nonlinear behavior in silicon-based micro-resonators
and more specifically develop models that could predict acceleration sensitivity and
amplitude-frequency nonlinearity in such resonators.
Acceleration sensitivity in silicon bulk-acoustic wave (BAW) oscillators is studied and a
correlation between the resonator alignment to different crystalline planes of silicon and
the observed acceleration sensitivity is established. It is shown both with experiment and
the proposed finite element model, that the oscillator vibration sensitivity is significantly
lower when the silicon-based lateral-extensional (LE) mode resonator is aligned to <110>
orientation compared to when the same resonator is aligned to <100>.
Amplitude-frequency nonlinearity is the other subject of study in this dissertation. It is
postulated that despite the common belief in literature, the third-order elastic coefficients
may not be adequate to explain the nonlinear elastic behavior of silicon micro-resonators.
The focus is specifically on nonlinearity of degenerately n-type doped LE mode
resonators aligned to <100> plane in which spring-hardening effect is observed. It is
shown that the existing analytical/numerical calculations and the proposed threedimensional finite element model, that are based on utilization of third-order elastic
coefficients, will all predict spring-softening in such resonators, thus suggesting
insufficiency of the nonlinear model. We believe this discrepancy between theory and
experiment is due to ignoring higher order elastic nonlinearities of silicon.
As the third project explored in this work, BAW resonators aligned to non-major
crystalline planes were designed and fabricated with motivation of reducing amplitude-
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frequency nonlinearity. Experimental results show high quality factor and low insertion
loss for the proposed LE devices aligned to 22.5◦ off <100>/<110> confirming the
efficiency of the design. In addition, it is shown that these devices fabricated on highly ntype doped silicon show significant improvement in amplitude-frequency nonlinearity
compared to the same designs aligned to <100> and <110> planes.
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CHAPTER 1: INTRODUCTION

Micro-electro-mechanical systems (MEMS)1 has been steadily growing its footprint in
microelectronics markets covering a variety of applications for the past few decades.
Today, the significant impact of MEMS components in current state of industries and
technologies is undeniable. These MEMS components can vary from biosensors and
microfluidic devices used in medical applications for drug delivery [1, 2], chemical analysis
[3], microenvironment monitoring [4, 5], pressure sensing [6, 7], etc. to gyroscopes,
accelerometers, resonators, and filters used in automotive and mobile technologies [812].
In a variety of applications with a need for timing circuitry, oscillators are the essential
parts of the system. For example, in digital and switched-capacitor analog circuits they
are used to generate clock signals. While there are many different types of oscillators,
feedback oscillators are among the most common types which consist of an amplifier and
a feedback network such as an LC tank circuit or a mechanical resonator with typically
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The material used in this chapter is partially taken from the papers below:
Beheshte Khazaeili, Jonathan Gonzales, and Reza Abdolvand, Acceleration Sensitivity in Bulk-Extensional Mode, Silicon-Based MEMS
Oscillators, MDPI, Micromachines, vol. 9, no. 5, May 2018.
Beheshte Khazaeili, and Reza Abdolvand, Orientation-dependent acceleration sensitivity of silicon-based MEMS resonators, IEEE
International Frequency Control Symposium (IFCS), May 2016.
Beheshte Khazaeili, Sina Moradian, Sarah Shahraini, and Reza Abdolvand, Bulk-Extensional Silicon Resonators Aligned to NonMajor Crystalline Planes, accepted and presented at the joint conference of International Frequency Control Symposium and European
Frequency and Time Forum (IFCS-EFTF), April 2019.
Beheshte Khazaeili, and Reza Abdolvand, Inadequacy of Third-Order Elastic Coefficient for Predicting Nonlinearity in Highly N-Type
Doped Silicon Resonators, submitted to IEEE Transactions on Electron Devices (TED), June 2019.
Beheshte Khazaeili, and Reza Abdolvand, The Effect of Crystalline Orientation on Vibration Sensitivity of Silicon Micro-Resonators,
Presented at Hilton Head Workshop: A Solid-State Sensors, Actuators and Microsystems Workshop, June 2016.
Beheshte Khazaeili, and Reza Abdolvand, Are Third order Elastic Coefficients the Dominant Factor in Nonlinear Elastic Behavior of
Silicon-Based Resonators?, Presented at Napa Microsystems Workshop, August 2017.
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higher quality factor (Q) for the latter. Quartz has been the most common type of
mechanical resonator used in these circuits mostly because of their high temperature
stability and high Q. However, silicon-based MEMS resonators became a good candidate
to replace quartz because of their smaller size and capability of being integrated with
CMOS integrated circuits (ICs). The above-mentioned advantages and widespread
application of MEMS resonators including sensing, filtering, and clock generating make
them very popular both at commercial industry and academic research.
In the next section, first a brief background on MEMS resonators including different
transduction mechanisms, and mechanical and electrical models of the resonator is
provided. Then in section 1.2, several performance challenges of micro-resonators and
the relevant literature review is presented. Finally, in the next chapters, our contribution
in study and addressing some of these challenges is introduced.

1.1 Background
MEMS resonators can be categorized based on their transduction mechanism. The two
most common types are capacitive and piezoelectric resonators. In the former, as hidden
in its name, capacitive transduction is used for actuating the resonance mode of the
device and also reading back the generated output. In this technique a capacitor is formed
between the resonance body and the surrounding electrodes. The initial electric field
required for such actuation is formed by applying a DC bias voltage to the resonance
body. As can be intuitively imagined, better coupling efficiency between the electrical and
mechanical domain can be achieved by having a bigger transduction capacitance. This
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can be done by reducing the gap size between the electrodes and the resonator or
increasing the overlap area [13-15]. Due to fabrication limitations, both of these
techniques are hard to achieve specially at high frequencies where the critical dimensions
of device are extremely small. Alternatively, the transduction capacitance value could be
increased by filling the gap with a high permittivity material. However, the drawback of
this technique is the large feedthrough capacitance that can potentially conceal the
desired resonance signal [14].
The other transduction mechanism used in micro-resonators is based on piezoelectricity
in which electrical energy directly converts to mechanical energy (stress/strain) and vice
versa through polarization of the material. Few examples of piezoelectric materials
include quartz, Aluminum nitride, Lead Zirconate Titanate (PZT), Zinc oxide (ZnO), and
Lithium niobate. The main advantage of the piezoelectric MEMS resonators over the
capacitive ones is their higher coupling efficiency between electrical and mechanical
domains which results in lower insertion loss of the resonator and consequently lower
power consumption in oscillators. However, quality factor of piezoelectric resonators is
typically much lower than that of capacitive ones because piezoelectric materials are not
low loss [16, 17]. In order to take advantage of both high coupling efficiency of
piezoelectric transduction mechanism and low loss material used in the resonator
structure, thin-film piezoelectric-on-substrate (TPoS) resonators were proposed [18, 19].
In such design, the resonator body consists of a thin-film of piezoelectric material
deposited on top of a substrate layer chosen among the low-loss materials such as single
crystal silicon. Therefore, TPoS resonators show higher quality factor compared to purely
3

piezoelectric resonators and lower motional impedance compared to the capacitive
resonators. In addition, because of the high energy density of single crystal silicon, TPoS
resonators exhibit high power handling capability [18]. The resonators fabricated and
studied in this work are TPoS resonators because of the above-mentioned advantages.
1.1.1 Mechanical Model of Resonator
Regardless of the resonator transduction mechanism, a mechanically vibrating resonator
can be modeled as a lumped mass-spring system shown in Fig. 1.1.

Figure 1. 1: Mass-spring model of a resonator

The equation of motion (1.1) for this system represents the relation between displacement
x, external force Fin, effective mass Meff, spring constant Keff, and damping coefficient Ceff

meff x  ceff x  keff x  Fin
1)
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(1.

The transfer function of this system can be written as follows

H (S ) 

0 2
X (S )
1
1


(
)
Fin ( S ) M eff S 2  Ceff S  K eff K eff S 2  0 S   2
0
Q

(1. 2)

where ω0 and Q are the natural frequency and quality factor of the of the system defined
as below

0 

Q  2

K eff
M eff

Energy stored
Energy dissipated per cycle

(1. 3)

(1. 4)

Typically, the quality factor of the micro-scale resonators can vary from few thousands to
millions depending on the design of the resonator. For Q>>1, the damped resonance
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frequency of the system, ωr expressed in (1.5), is almost equal to the undamped natural
frequency ω0

 r  0 1 

1
2Q 2

(1. 5)

The quality factor of the resonator can be found based on either the frequency derivative
of the resonator transfer function phase at resonance frequency or the ratio of the
resonance frequency to the -3dB bandwidth ∆f-3dB

Q

0 d H ( )
f0

2
d
f 3dB

(1. 6)

1.1.2 Electrical Model of Resonator
The resonator can also be modeled in electrical domain. Figure 1.2 shows the electrical
equivalent model for a two port resonator, in which each of the transformers, highlighted
in the solid red rectangular, are to model the energy transduction from electrical to
mechanical domain and vice versa [14]. The series RLC circuit highlighted in the dashed
red rectangular is the electrical representation of the mechanical part of the resonator. As
seen, each of the electrical components in the motional branch is equivalent to one of the
components in the mechanical mass-spring model shown in Fig. 1.1. In addition, Cf is the
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feedthrough capacitance between input and output electrodes, and Cpi and Cpo are the
parasitic capacitance between input/output electrodes to ground.
The model in Fig. 1.2 can be simplified by transferring the components to one side of the
transformer. Figure 1.3 shows this simplified model, also known as Butterworth Van Dyke
(BVD) [20].

Figure 1. 2: Electrical model of a 2-port MEMS resonator

Figure 1. 3: BVD model for a 2-port MEMS resonator
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Rm, Lm, and Cm in the motional branch can be calculated based on the measured insertion
loss (IL), quality factor and resonance frequency of the resonator as below

Rm  100(10

 IL
20

 1)

(1. 7)

Lm 

QRm

0

(1. 8)

Cm 

1
0 2 Lm

(1. 9)

The electrical model of the resonator is very helpful in cases where the resonator needs
to be modeled along with the drive and sense circuitry to study the whole system together.

1.2 Literature review on nonlinearity and acceleration sensitivity of MEMS
resonators
As mentioned above, silicon-based microelectromechanical resonators are now
extending their penetration in industry for clock generation with a cost and package-size
advantage over the historically-dominant quartz technology. However, reducing the
resonator size results in lower power handling capability. On the other hand, while the
small size is essential, in today’s applications any compromise on performance such as
signal to noise ratio (SNR) is not tolerated. In order to satisfy such specifications,
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resonators should be excited at relatively large vibration amplitudes, hence operating
outside the purely linear regime is expected. Herewith, nonlinear models that could
comprehensively capture the behavior of silicon micro-resonators are sought-after.
Nonlinearity in silicon-based resonators have been studied extensively in the past. In
general, Material nonlinearity [21-23], geometric nonlinearity [21-24], and electrostatic
nonlinearity [21, 23, 25] are some of the underlying mechanisms identified for explaining
the nonlinear behavior depending on the regime of operation and the utilized transduction
mechanism.
Theory of nonlinearity in micro-resonators is studied in [26, 27] by modeling the resonator
as a lumped mass-spring system with nonlinear spring constants. The outcome of this
work is to represent the resonance frequency of such system as a function of vibration
amplitude and consequently find maximum amplitude of vibration for the system when
the vibrations are still linear. Since silicon is one of the most well-known materials used
in MEMS, some arts specifically studied material nonlinearity of silicon [28, 29]. The
results of these works are employed by MEMS community to study nonlinear behavior of
silicon-based resonators in theory, modeling and simulation, and experiment [21-23, 25,
30]. Mechanical nonlinearity of bulk-acoustic-wave (BAW) resonators and longitudinal
mode-shape beam resonators are studied both theoretically and experimentally in [21,
22]. It is shown that BAW resonators have much more power handling capability
compared to flexural beam resonators [21]. Harmonic-balanced method is used in [31] to
simulate nonlinear behavior of micro-resonators. In addition, ringdown technique is
introduced in [25] as an efficient method to characterize MEMS resonators nonlinearities
9

through a single measurement. The results of these theoretical and modeling methods
provide a great tool for MEMS community to develop designs with reduced nonlinearity.
[23, 30] are among these works that show nonlinearity can be reduced by a proper choice
of doping type/concentration and also crystalline cut of silicon. Despite of all the great
work done related to drive-level dependent frequency nonlinearity, some mentioned
above, there are still lots of questions and unknowns in this field that needs to be explored
and answered.
Acceleration-sensitivity is another nonlinear behavior of the micro-resonators which refers
to frequency instability of MEMS-based oscillators due to mechanical vibration. As
mentioned above, in recent years, the application of micro-machined, silicon-based
resonators in timing has been growing steadily [14, 32, 33]. Internet of things, mobile and
wearable, automotive, and smart infrastructure monitoring are some examples of
applications where extremely small and ultra-stable MEMS-based oscillators could play
an important role in the system performance. The stability of these oscillators is affected
by environmental conditions such as temperature, humidity, pressure, magnetic field,
acceleration/vibration, etc. A change in one or more of these environmental conditions
can either vary the resonance frequency of the resonator or the oscillator loop phase [34].
In the former case, any change in the resonance frequency of the resonator will directly
impact the oscillator frequency, as other electronic components are assumed to be
broadband. In the latter case, change in the phase of the oscillator loop is compensated
for by a shift in the oscillation frequency, so that the loop phase is maintained at 360°,
which is a required condition for oscillation [34].
10

A significant mechanical vibration could exist in the typical operating environment of the
electronics utilized in certain applications such as cell-phone towers, aircrafts,
automotives, aerospace vehicles, and radar towers. Such vibration results in frequency
instability and performance deterioration of the oscillators onboard. Applied acceleration
to the oscillator can induce a change in the resonance frequency of the mechanical
resonator, as the stress applied to the resonator through the suspension tethers will
change the instantaneous resonance frequency of the device. Alternatively, the stray
capacitance and inductance of the circuit could change as the circuit board is deformed
due to the applied vibration, resulting in variation of the oscillator loop phase [34].
In order to characterize the shift in resonance frequency of a mechanical resonator due
to the applied stress, a parameter defined as a stress-frequency coefficient is typically
used. The stress-frequency coefficient is shown to depend on the combination of two
factors: the geometrical deformation and the nonlinear elastic properties of the material
used in the resonator [35]. In quartz crystal resonators, this coefficient is extensively
studied and proven to be dependent on the crystal cut [36-41]. Several methods have
been used for reducing the vibration sensitivity of quartz-based oscillators. For example,
it is suggested that compensation of the acceleration-induced shift in oscillation frequency
is possible by applying an appropriately phase-shifted electrical signal to the crystal’s
electrodes that is proportional to the mechanical vibration [42]. Active compensation of
acceleration sensitivity has also been studied in recent years. In [43-45], authors have
achieved low vibration-sensitive oscillators through electrical compensation of the
oscillator output using sensors that are strategically mounted to accurately measure the
11

applied acceleration. A similar method of electronic vibration-induced noise cancelation
has been used for optoelectronic oscillators as well [46]. In a different approach, two
crystals with anti-parallel acceleration-sensitivity characteristics have been used in an
oscillator circuit so that the net acceleration sensitivity vector can be adjusted to zero [40,
47, 48]. Similar compensation methods using discrete or stacked crystals are represented
in [49]. Choosing an appropriate shape and place for mounting supports in order to reduce
stress, and also employing precise fabrication techniques to accurately locate and shape
the designed mounting structures, are other important factors considered in previous
works [50]. The type of the material used in the oscillator is also another degree of
freedom that could be utilized for reducing acceleration sensitivity. As explained in [51],
experimental results obtained from two different air-dielectric cavity oscillators made from
two different materials, ceramic and aluminum, showed almost one sixth times lower
acceleration sensitivity for the one made of ceramic. Optical oscillators also showed low
acceleration sensitivities due to their small size [44]. Other interesting improvements are
reported in the field of optical cavity resonators. The acceleration sensitivity of a cavitystabilized laser is decreased significantly using the feedforward correction of acceleration
[52]. In addition, recent research on the acceleration sensitivity of optical cavity resonators
shows that performance deterioration due to the external mechanical vibration can be
minimized by the appropriate design of the cavity structure [53-55].
As mentioned above, material nonlinearity is an important factor affecting the sensitivity
of the resonators to mechanical vibration [34, 37, 56, 57]. Since nonlinear elastic
constants in crystalline material are anisotropic, the orientation-dependency of the
12

vibration sensitivity due to this nonlinearity is potentially predictable. It has been shown
that the stress-frequency coefficient of stress-compensated (SC)-cut quartz is nearly
zero. Therefore, the cuts near SC-cut quartz are known to exhibit enhanced performance
metrics in terms of force-frequency, resonance amplitude-frequency, accelerationfrequency, intermodulation, and dynamic thermal-frequency stability [35, 58, 59].
The oscillator market has recently begun to accept silicon-based MEMS resonators as an
alternative for the long-stablished quartz resonators [60, 61]. In theory, MEMS resonators
should exhibit lower sensitivity to acceleration compared with quartz resonators because
of their smaller size and mass. It is of great importance to study the physics of vibration
sensitivity in silicon-based resonators in order to understand the limits and to develop
proper design guidelines to reduce vibration induced instability in silicon-MEMS
oscillators. Several factors such as shape, position, and number of suspension tethers,
aspect ratio of the resonator dimensions, device layer thickness, and mode shape can
affect the acceleration sensitivity of a MEMS resonator. Different studies have been
performed to analyze the acceleration sensitivity of these resonators. In [62], the
acceleration sensitivity of a lame-mode resonator supported with four anchors located at
four corners of the square-shape structure is studied. In this work, it is shown that adding
an extra anchor at the center of the resonator is effective at reducing the acceleration
sensitivity. The acceleration sensitivity of a small-gap capacitive MEMS oscillator is
studied in [63]. In capacitive resonators, the vibration-induced variation of the gap size
and the transducer capacitance overlap area results in nonlinear changes in electrostatic
stiffness, which results in a shift in resonance frequency.
13

One of the focuses of this dissertation is on the acceleration sensitivity of silicon-based
MEMS resonators. It is shown that the acceleration sensitivity of silicon-based resonators
is orientation-dependent and has a correlation with the elastic properties of silicon
including the Poisson ratio and nonlinear elastic coefficients. A finite element model is
developed using COMSOL that can predict the hypothesized orientation-dependent
acceleration sensitivity in silicon-based microresonators. In addition, the experimental
results confirm the hypothesis as well.
In this work, we also focus on amplitude-dependent frequency nonlinearity of siliconbased resonators. A thorough study on inadequacy of third-order elastic stiffness
coefficients of silicon in predicting amplitude-frequency nonlinearity in silicon-based
resonators is presented. Furthermore, with the goal of reducing this kind of nonlinearity
in silicon-based resonators, devices aligned to non-major crystalline planes are
presented. Both simulation and experimental results confirm efficiency of the proposed
designs in increasing the power handling capacity.
This dissertation is organized as follows. The current chapter, chapter 1, provides a
background/literature review on acceleration sensitivity and amplitude-frequency
nonlinearity of silicon-based MEMS resonators. In chapter 2, we numerically and
experimentally explore the orientation-dependency of acceleration sensitivity in siliconbased micro-resonators. Chapter 3 provides the thorough study on our hypothesis about
inadequacy of third-order elastic constants of silicon in predicting the amplitude-frequency
nonlinearity in silicon-based micro-resonators. In chapter 4, we present our proposed
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designs for the resonators aligned to non-major crystalline planes with motivation of
increasing the power handling capability.
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CHAPTER 2: ACCELERATION SENSITIVITY IN BULK-EXTENSIONAL MODE,
SILICON-BASED MEMS OSCILLATORS

In this chapter2, the effect of crystalline orientation on acceleration sensitivity of siliconbased microelectromechanical resonators is investigated. In addition, the correlation
between the nonlinearity of the resonators and the corresponding acceleration sensitivity
is demonstrated [64-66].
The organization of the chapter is as follows. Theory of acceleration sensitivity is
presented in section 2.1. In section 2.2, the resonators used in this work are introduced
and characterized. The finite element model for simulating acceleration sensitivity is
explained in section 2.3. Experimental results for both nonlinearity and vibration sensitivity
measurements are demonstrated in section 2.4. Finally, the study is summed up in
section 2.5.

2.1 Theory of Acceleration Sensitivity
Acceleration sensitivity can be defined as frequency instability of a resonator due to the
mechanical vibration introduced by the environment. Applied acceleration will act on the
resonator mass to produce a force, and it consequently induces stress and strain within
the resonant body. There are two main causes of vibration sensitivity: geometric
nonlinearity and material nonlinearity. If the applied strain due to the acceleration is large

2

Material used in this chapter is taken from the published paper
Beheshte Khazaeili, Jonathan Gonzales, and Reza Abdolvand, Acceleration Sensitivity in Bulk-Extensional Mode, Silicon-Based MEMS
Oscillators, MDPI, Micromachines, vol. 9, no. 5, May 2018.
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enough, the device dimensions/geometry will change (i.e., geometric nonlinearity) and
consequently the resonance frequency will be affected. In addition, if the elastic stiffness
coefficients of the material are strain-dependent (i.e., material elastic nonlinearity), the
effective stiffness of the resonator changes due to the applied vibration and the natural
resonance frequency will change as a result.
The change in the natural resonance frequency of device as a function of the applied
acceleration can be represented as follows [37]:

f (a)  f 0 (1  .a)

(2. 1)

in which f0 is the natural resonance frequency when there is no acceleration,  is the
acceleration sensitivity vector, and a is the applied acceleration in a certain direction.
Using (2.1),  can be found by

.a  f / f 0

(2. 2)

in which ∆f is the shift in resonance frequency due to the applied vibration. If the applied
acceleration is a constant DC vibration, a constant shift will happen at resonance
frequency. However, a sinusoidal acceleration will result in a frequency modulation, and
the resonance frequency will change periodically from f0 − ∆f to f0 + ∆f at a rate equal to
the vibration frequency. Since ∆f is normally a very small value, it is not easily detectable.
Hence, to measure acceleration sensitivity, the resonator should be employed in an
oscillator circuit. Once the output power spectrum of the oscillator is analyzed, the
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sidebands that appear at an offset equal to the vibration frequency of the carrier power
are detectable. Let us assume the output voltage of the oscillator is given by

V (t )  V0 cos( (t ))

(2. 3)

in which φ(t) is the phase of the oscillator, which can be found by integrating the frequency
t

 (t )  2  f (t ' )dt '
t0

(2. 4)

in which f(t) is the frequency of the oscillator under applied vibration. Considering a
sinusoidal acceleration (2.5), resonance frequency will be modified as shown in (2.6)

a  A cos(2 f v t )
f (a)  f 0 (1  . A cos(2 f v t ))

(2. 5)
(2. 6)

Therefore, the phase is calculated as

 (t )  2 f 0t  (

f
)sin(2 f v t ), f  f 0 (. A)
fv

(2. 7)

By substituting (2.7) in (2.3) the output voltage of the oscillator is calculated as follows:

V (t )  V0 cos(2 f 0t  (

f
)sin(2 f v t ))
fv

(2. 8)

As seen in (2.8), the output of the oscillator under a sinusoidal vibration is a frequencymodulated signal that can be expanded using a series of Bessel functions as follows:
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V (t )  V0 [ J 0 (  ) cos(2 f 0t )  J1 (  ) cos(2 ( f 0  f v )t )  J1 (  ) cos(2 ( f 0  f v )t )  ...]

(2. 9)

in which β = ∆f/fv = ( .A )f0/fv is the modulation index. For β < 0.1, J0(β) = 1, J1(β) = β/2,
and Jn(β) = 0 for n > 2. Hence, for small modulation indices, the output spectrum of the
oscillator only contains the main resonance frequency and two sidelobes at f0 ± fv. As
seen from (2.9), the magnitude of these sidelobes (β/2) depends on the acceleration
amplitude and frequency, resonance frequency of the resonator, and the acceleration
sensitivity vector. The ratio of the power in these two sidelobes to the power of the carrier
is derived through the following equation

Lv  (

J1 (  ) 2
)
J 0 ( )

(2. 10)

or equivalently in decibels notation

Lv , dB  20 log(

(. A) f 0
J1 (  )

)  20 log( )  20 log(
)
J 0 ( )
2
2 fv

(2. 11)

So, acceleration sensitivity in ith direction, Гi , can be found as follows:

i  (2 fv / Ai f0 )10

Lv / 20

(2. 12)

in which fv is the vibration frequency, Ai is the amplitude of vibration in ith direction, and
Lv is the difference between the carrier signal power and sidebands power in dB.
The amplitude of total acceleration sensitivity along x, y, and z direction is calculated as
follows:
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t 

 x2   y2   z2

(2. 13)

2.2 Resonator Design and Characterization
Thin-film piezoelectric-on-substrate (TPoS) platform is chosen in this work for prototyping
the silicon-based resonators as they offer high quality factor (Q) and low insertion loss
(IL) [67]. The schematic of a typical TPoS resonator used in this work is shown in Fig.
2.1, in which a thin sputtered piezoelectric AlN layer, sandwiched between top and bottom
electrodes made of Molybdenum, is stacked on top of a <100> silicon layer. The top
electrode is patterned on the resonant structure to enable two-port operation of the
resonator. The specific interdigitated configuration could be used to excite higher
harmonic lateral-extensional resonance modes [30, 68]. However, in this work the first
harmonic resonance is used in the oscillator, and the top electrodes are connected to
each other for the resonator to be operated in a one-port configuration. In order to study
the effect of orientation on acceleration sensitivity, resonators with identical design are
rotated to align to different crystalline orientations. The stack layers of the resonators used
in this work include 8 μm silicon, 1 μm Aluminum Nitride (AlN), and 100 nm Molybdenum
used as electrodes. The substrate for all resonators is a phosphorus-doped silicon-oninsulator (SOI) wafer with a device layer phosphorous-doped at a concentration of ~5 ×
1019 cm−3.
The reason behind choosing a degenerately n-type doped silicon substrate for LE-mode
devices under this study is as follows. Firstly, it should be noted that doping type and
concentration affects the linear and nonlinear elastic properties of the material and
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consequently performance of the MEMS resonators [23, 28]. This happens because the
free energy of the material, for example n-type doped silicon, changes due to electron
transfer between different valleys as a result of strain generated by the acoustic wave.
Since the elastic constants are proportional to strain derivative of free energy, high
concentration of doping results in noticeable changes in the elastic constants [28].
Secondly, our proposal about orientation-dependency of acceleration sensitivity
originated from our initial hypothesis on correlation between acceleration sensitivity and
nonlinearty of the resonator. Since it was previously shown in literature [23] that for highly
n-type doped silicon substrate, LE-mode devices aligned to <110> orientation are less
nonlinear compared to those aligned to <100>, this doping type and concentration was
chosen for our study on acceleration sensitivity.

Figure 2. 1: The schematic of a typical TPoS resonator used in this work
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A schematic representing the relative position of the resonators aligned to <100> and
<110> orientations on the [100] SOI wafer is shown in Fig. 2.2. The fundamental lateral
extensional mode-shape of the resonant structure used in this work is also shown in this
figure.
The frequency response (S21 amplitude) and the scanning electron micrograph (SEM) of
the resonators used in this study are also shown in Fig. 2.3.

Figure 2. 2: (a) A schematic representation of the relative position of <100> and <110>
resonators on the [100] wafer and (b) the simulated lateral extensional mode-shape of a
resonator used in this work.
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(a)

(b)

Figure 2. 3 The frequency response (i.e., S21) and the SEM of the two sets of resonators
used in this work aligned to <100> (a) and <110> (b) silicon planes.

2.3 Finite Element Simulation
A theoretical or simulation model that could be used to predict and improve acceleration
sensitivity of resonators is very desirable for design purposes. Due to the nonlinear nature
of vibration sensitivity, developing such tools is not straightforward. Complicated
equations have been developed for vibration sensitivity of bulk mode resonators,
indicating dependency of vibration sensitivity to a complex function of linear and nonlinear
elastic constants [69]. However, a finite element model can be more useful, as numerical
solutions have recently found popularity due to the great progress made in computational
speed and capacity.
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In order to develop a finite element model for this purpose, geometric and material
nonlinearities should be both included. Geometric nonlinearity is already predefined in
commercial FEM software packages such as COMSOL, but capturing material
nonlinearity of silicon is more challenging.
2.3.1 Geometric Nonlinearity
When there is relatively large deformation and rotation, the approximations typically used
in linear elastic equations break apart, and it is necessary to identify the distinction
between deformed and undeformed configuration, and the nonlinear definitions of stress
and strain should be utilized as opposed to the simplified engineering definitions.
The definition of linear engineering stain is shown in (2.14), which needs to be replaced
by (2.15), the nonlinear Green–Lagrangian strain, in case of having rotation or large
deformation.

eX 
SX 

u
X

u 1 u 2 1 v 2 1 w 2
 ( )  ( )  ( )
X 2 X
2 X
2 X

(2. 14)

(2. 15)

Therefore, it is required to modify the equations of the FEM simulator in order to consider
nonlinear definitions of strain. COMSOL software will provide the option to consider
geometric nonlinearity in the model, and, once selected, the Green–Lagrangian strain will
be utilized in all calculations.
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2.3.2 Material Nonlinearity
In general, there is a nonlinear relationship between stress and strain for any arbitrary
material. Normally, for small strain values, one could use a linear approximate instead of
the nonlinear relation. However, for large values of strain, the nonlinear equation should
be considered. In the case of simulating acceleration sensitivity, we are dealing with small
values of resonance frequency shift, in the range of ppb. Thus, considering nonlinear
terms is critical in accurately predicting very small changes in resonance frequency, even
though the applied acceleration and the resulted strain are small. Equation (2.16) shows
the nonlinear relationship between second Piola–Kirchhoff (2nd PK) stress and Green–
Lagrangian strain for silicon [22, 29]

1
2

 ij ( X )  Cijklkl  Cijklmnklmn

(2. 16)

in which Cijkl, Cijklmn,  , and mn are linear and nonlinear elastic stiffness coefficients, 2nd
PK stress, and Green–Lagrangian strain, respectively. In order to capture acceleration
sensitivity of the resonators correctly, we propose to define this nonlinear stress-strain
relation in COMSOL as follows. First, (2.16) will be rewritten as

1
2

 ij ( X )  (Cijkl  Cijklmnmn )kl

(2. 17)

Next, the expression in parenthesis could be defined as an elastic stiffness tensor:

1
Cijkl '  Cijkl  Cijklmnmn ,
2
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𝑖, 𝑗, 𝑘, 𝑙, 𝑚, 𝑛 = 1, 2, 3

(2. 18)

With this new definition, the linear second-order elastic stiffness tensor can be modified
so that it is strain-dependent using the coefficients of nonlinear elasticity. Since working
with tensors is not straight forward, Voigt notation should be used to convert tensorial
format to matrix format. The same concept presented above is shown below in matrix
format:

1
2

 i ( X )  (Cij  Cijkk ) j

(2. 19)

Now using Einstein notation and considering cubic symmetry for silicon structure, the
equation above can be expanded to find all the 36 components of the new modified
stiffness matrix 𝐶𝑖𝑗 ′ .
The structure used in this work for modeling is shown in Fig. 2.4, which includes the lateral
extensional resonator connected to the substrate. It should be noted that in the proposed
FEM model, only the silicon layer is considered. Utilizing such simplified model is justified
as, firstly, the thickness of the AlN layer is 1/8th of the thickness of the silicon layer, and,
secondly, the sputtered AlN used in these resonators is isotropic in x-y plane. Therefore,
it is concluded that the orientation dependency of acceleration sensitivity in resonators is
mainly dominated by their structural silicon body.
To study vibration sensitivity using COMSOL, a prestressed analysis is performed on the
discussed structure as follows: first, a stationary study is performed to obtain the final
strain values due to the applied acceleration followed by a second step of eigenfrequency
study to predict the modified natural resonance frequency while the initial strains
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calculated in the first step are applied to the structure. It should be noted that acceleration
is applied as a body load equal to F   a (N/m3) to the whole structure including the
frame, in which ρ is effective density. It is worth mentioning that COMSOL uses a
perturbation model to calculate the eigenfrequencies of the pre-stressed system.
Although it is possible to directly solve a set of differential equations to find the resonance
frequency under acceleration but as described in [69], it has been shown that calculating
the first eigenvalue perturbation is considerably more efficient.
Acceleration sensitivity is calculated as normalized resonance frequency shift due to the
applied acceleration using (2.2). The resulted vibration sensitivity in x, y, and z direction
as a function of acceleration amplitude is shown in Fig. 2.5 for a resonator aligned to
<100> orientation. As seen, the acceleration sensitivity in z direction is the dominant
component of the Г vector, which is expected, as in this case vibration is applied normally
to the resonator plane, introducing an out-of-plane bending moment with a relatively low
effective stiffness in the structure. Hence, only acceleration sensitivity in z direction is
demonstrated in the following figures for simplicity. Material nonlinearity for <100>
orientation is defined in COMSOL, as explained before. In order to consider nonlinearity
in <110> orientation, a 45° rotated coordinate system in the resonator plane is used. The
simulated acceleration sensitivity for both resonators aligned to <100> and <110>
orientations considering linear and nonlinear material properties is demonstrated in Fig.
2.6.
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Figure 2. 4: The structure developed in COMSOL for modeling the acceleration
sensitivity.

Figure 2. 5: The simulated acceleration sensitivity in x, y, and z directions for a resonator
with lateral extensional mode-shape aligned to <100> orientation.
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As seen, acceleration sensitivity of the <100> resonator is larger than the <110>
resonator, even for the case of linear material properties. One possible reason is that the
Young’s modulus in <100> silicon is smaller and the Poisson ratio is larger than that of
the <110> orientation [70]. Hence, when a load is applied in <100> direction normal to
the plane of the resonator, larger bending results, and the in-plane deformation of the
resonator would be larger for the resonator aligned to <100> plane compared with the
resonator aligned to <110> plane. The resulting in-plane strain will directly affect the
resonance frequency, as the frequency is a function of the resonator’s in-plane
dimensions. Therefore, it appears that the dominant factor in the acceleration sensitivity
of the resonator studied in this work is the Poisson ratio of silicon. However, it should be
noted that material nonlinearity also affects the absolute value of acceleration sensitivity
significantly. As seen, when material nonlinearity is considered, acceleration sensitivity is
increased in both <100> and <110> cases. When silicon is defined as a linear material,
the ratio of vibration sensitivity of resonator aligned with <100> to that aligned with <110>
is 4.7, while this ratio increases to 18.5 when the material nonlinearity of silicon is
considered. Therefore, material nonlinearity significantly affects both the value and the
orientation dependency of the acceleration sensitivity.
It is worth mentioning that this simulation only considers the resonator and part of the
substrate that is simplified compared to the experimental setups. In addition, elastic
constants used in this simulation are for n-type silicon with doping concentration of 2 ×
1019 cm−3 [28], which is the closest available data to the doping level for the devices
fabricated in this work (~5 × 1019 cm−3). Furthermore, defining material nonlinearity for
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other layers of the device including AlN may affect the absolute value of acceleration
sensitivity. However, in this study, the goal is to investigate the effect of orientation on
acceleration sensitivity of n-type highly doped silicon-based resonators and understand
the effect of material nonlinearity on that. Thus, predicting the relative sensitivity in
different orientations is the most important aim of this simulation, which can be achieved
with this simplified model.

Figure 2. 6: The simulated acceleration sensitivity considering linear/nonlinear elastic
properties for both <100> and <110> crystalline orientations.

From the above simulation, it is concluded that by increasing material nonlinearity,
acceleration sensitivity will increase. To confirm this conclusion, nonlinear elastic
coefficients of <100> silicon are intentionally modified so that a larger amplitude
frequency, A-f, coefficient is obtained. This coefficient, K, is a measure of nonlinearity,
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which will be explained in more detail in section 2.4.1. In order to calculate k as a function
of nonlinear stiffness constants, first, the nonlinear Young’s modulus is calculated based
on the closed form equations presented in [29]. Then, amplitude-frequency coefficient K
is calculated using equations presented in [71] for lateral extensional mode-shape aligned
with <100> orientation. The simulated acceleration sensitivity using the modified elastic
constants is shown in Fig.2. 7. As seen, by increasing K (i.e., nonlinearity), acceleration
sensitivity also increases, which confirms the correlation between acceleration sensitivity
and nonlinearity.

Figure 2. 7: The acceleration sensitivity of <100> resonator using modified elastic
constants, indicating the correlation between elastic nonlinearity and acceleration
sensitivity.
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2.4 Measurements and Results
As explained in section 2.1, we hypothesized that acceleration sensitivity of silicon-based
MEMS resonators is orientation-dependent and affected by the elastic properties of the
resonator material. In order to study this hypothesize, both nonlinearity and acceleration
sensitivity of above resonators need to be measured.
2.4.1. Nonlinearity Measurements
Amplitude-frequency (A-f) coefficient K is a measure of nonlinearity in resonators. This
coefficient determines the relation between normalized resonance frequency shift of the
resonator and the amplitude of vibration (𝑥̂) as presented by (2.20).

f  f 0 (1  kxˆ 2 )

(2. 20)

We will use backbone curve plots obtained through the ringdown response measurement
in order to evaluate nonlinearity of the resonators. A backbone curve is the plot of
normalized frequency shift versus amplitude of vibration. In order to find the shift of
resonance frequency in nonlinear regime, two methods can be used: forced or unforced
oscillation. In former, the input excitation power is increased gradually, and the shift in
resonance frequency is read using a network analyzer while the resonator is under forced
excitation. However, in the latter, ringdown response of the resonator is measured, and
by analyzing the decaying signal, shift in natural resonance frequency of the unforced
device vibration can be calculated [23]. In this study, second method is used.
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Each resonator is forced by a large enough input that guarantees a detectable shift in
resonance frequency. After exciting the resonator for a period of time, the input power is
ceased, and the unforced ringdown response of the device is captured. The time domain
behavior of the output voltage signal for one of the resonators used in this study captured
by a digital oscilloscope is demonstrated in Fig.2. 8.

Figure 2. 8: The ringdown response of the resonator and the FFT plots for different
sections of the decaying signal to find the backbone curve. 𝑓𝑥̂𝑚𝑎𝑥 and 𝑓𝑥̂𝑚𝑖𝑛 are the
resonance frequencies of the device corresponding to largest and smallest amplitudes of
vibration, respectively.
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The decaying signal is then spilt into several bins, and a fast Fourier transform (FFT) is
used for the data in each bin to find the natural resonance frequency of the resonator
corresponding to the varying output voltage (vibration amplitude) during the ringdown
signal (Fig.2.8). Equivalently, instead of using FFT over one decaying signal, the
resonator can be excited separately with different input powers. Then, for each input
power FFT is taken over the first bin of decaying signal. Figure 2.9 shows the ringdown
response for different input powers.

Figure 2. 9: The ringdown response of the resonator for different input powers. The
resonance frequencies corresponding to the highest and lowest power (P1 and P4) are
𝑓𝑥̂𝑚𝑎𝑥 and 𝑓𝑥̂𝑚𝑖𝑛 , respectively.

Now, in order to plot the backbone curve, the output voltage needs to be converted to the
amplitude of vibration. For capacitive resonators, there already are closed form equations
developed to perform this conversion [23]. However, for piezoelectric resonators such
equations are not available in literature. So to find the amplitude of vibration for each input
power, the S parameters of the resonators are collected for each case. Then, energy
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stored in resonator in each case is calculated using the method proposed in [72]. In this
approach, the magnitude and phase of the input and output current and voltage of the
resonator are calculated using a model developed in the advanced design system (ADS)
software and the S-parameters of the device. The energy stored in resonator is then
obtained using those calculated parameters [72]. This energy can be approximated by

E

1
k0 xˆ 2
2

(2. 21)

in which 𝑥̂ is the amplitude of vibration and k0 is the linear spring stiffness constant of the
resonator, which for lateral-extensional mode-shape can be calculated by [71]

k0 

 2 EA
2L

(2. 22)

in which E is the effective Young’s modulus, and A and L are the cross section area and
length of the resonator, respectively. Using (2.21), amplitude of vibration for each input
power is calculated, and the backbone curves are plotted. The plot is then fitted with
(2.23) in order to find A-f coefficient K.

f / f 0  Kxˆ 2

(2. 23)

The backbone curve and the fitted plot for both <100> and <110> resonators in set 1 is
shown in Fig.2. 10. As seen, the absolute value of K for <100> resonator (4.803) is more
than 3x larger than that calculated for the <110> resonator (1.411). This confirms a larger
nonlinearity for the <100> resonator.
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Hence, this resonator is expected to be more sensitive to acceleration, as simulation
predicts more sensitivity by increasing nonlinearity.

Figure 2. 10: The backbone curve for <110> (left) and <100> (right) resonators and the
associated amplitude-frequency (K) coefficients calculated based on the curves,
indicating higher nonlinearity in the <100> resonator.

2.4.2 Acceleration Sensitivity Measurements
In order to measure acceleration sensitivity, the resonator must be employed in an
oscillator circuit. To minimize the number of components, a commercial oscillator IC,
CF5027 is used. The printed circuit board (PCB) and the schematic of the oscillator used
in this study are shown in Fig.2.11a, b. The connections XT and XTN denoted on the IC
are the amplifier input and output, into which the MEMS resonator should be connected.
Details of the oscillator IC specifications can be found in the data sheet [73].
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(a)

(b)

Figure 2. 11: (a) The oscillator PCB containing the commercial oscillator IC (CF5027)
and (b) the schematic of the oscillator IC connected to the TPoS resonator [73].

The typical phase noise measured from the assembled oscillators is shown in Fig.2.12.
As seen, both oscillators exhibit excellent phase noise performance, which enables
accurate measurement of the acceleration sensitivity.
A closed loop magnetic shaker system from Vibration Research Group Inc. is used to
simulate the actual vibration coming from environment (Fig.2.13). The acceleration
applied to the board is measured by a DYTRAN 3055D1T accelerometer. The sensed
acceleration is then fed back to the controller to be compared with the desired
acceleration set by the operator. A control signal is afterward sent to the amplifier, which
determines the power generated by the amplifier that feeds the magnetic motor.
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Figure 2. 12: The phase noise performance of the oscillator circuits containing the <100>
and <110> resonators.

Figure 2. 13: The acceleration-sensitivity measurement setup.

The phase noise and the output spectrum of the two resonators aligned with <100> and
<110> orientations are shown in Fig.2. 14 when a 14 g, 800 Hz sinusoidal acceleration is
applied in z direction. As seen, two sidebands appear at an offset frequency of 800 Hz
from the carrier in the oscillator output spectrum for both resonators, as expected from
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theoretical explanations provided in section 2. The amplitude of these sidebands is
proportional to the acceleration sensitivity of resonator. Hence, it is obvious that resonator
aligned to <100> plane is significantly more sensitive to the acceleration compared with
the one aligned to the <110> plane. Acceleration sensitivity of these devices is 3.1 × 10−9
and 4.8 × 10−8 1/g for resonators aligned with <110> and <100> orientations, respectively.
Spurious signals will also appear on the phase noise plot at an offset frequency equal to
the vibration frequency. In fact, the sidebands on the output spectrum are considered as
noise, and hence the corresponding spurs on the phase noise are expected. It should be
noted that the amplitude of the spurs on the phase noise is almost equal to the difference
between amplitude of the carrier and sidebands in the spectrum, which corresponds to
how the phase noise is calculated.
It is worth mentioning that, in this study, the phase noise and frequency spectrum
measurements are done with a Rohde & Schwarz signal source analyzer. However, one
can configure a platform to do the same measurement, such as those presented in [74,
75].
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Figure 2. 14: The oscillator output spectrum and the phase noise under 14 g, 800 Hz
vibration for set 1 of resonators. Larger amplitude of the sidebands that appeared at 800
Hz offset frequency from the carrier in the output frequency spectrum of the oscillator with
<100> resonator shows higher acceleration sensitivity of this device. More theoretical
details are provided in Section 2.1.

Acceleration sensitivity of all resonators has been measured by sweeping both
acceleration amplitude and frequency. It should be noted that vibration amplitudes
imposed to the resonators range from few mg in devices like cell phones due to motions
applied by the users to high vibration levels in harsher environments such as industrial
equipment. In most of the applications, vibration normally happens at frequencies up to
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few KHz and amplitudes less than 10 g [76, 77]. Therefore, maximum amplitude and
frequency of vibration in our study has been chosen to cover this range. The results for
the first set of resonators are shown in Fig.2.15. By averaging total acceleration sensitivity
over vibration frequency range of 0–3 KHz, ~5.66 × 10−8 and ~3.66 × 10−9 are obtained
for resonators aligned to <100> and <110> orientations, respectively.
It is worth mentioning that, contrary to the measurement, the acceleration sensitivity is
not expected to vary with acceleration frequency. This is because the induced strain in
the resonant structure should not be a function of the acceleration frequency, as no
resonance modes of the device are within the range of applied frequency. However, the
acceleration is not directly applied to the device, and, rather, it is being applied to a board
to which the resonator die is attached. It is suspected that there are numerous resonance
modes for the entirety of the board and the components it contains including the
wirebonds, cables, and connectors. Therefore, the effective force applied to the resonator
will end up varying with the frequency. In addition, other sources of acceleration sensitivity
such as a shift in the phase can play a role that is frequency-dependent.
The same measurement has been repeated for the second set of devices, and the same
trend as for the first is obtained, confirming our hypothesis on orientation-dependency of
acceleration sensitivity. Acceleration sensitivity of both sets of resonators for a 7 g, 2800
Hz sinusoidal vibration is reported in Table 2.1.
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Table 2. 1 :Acceleration sensitivity for both sets of devices for a 7 g, 2800 Hz sinusoidal
vibration.
Orientation

Гx (1/g)

Гy (1/g)

Гz (1/g)

Гtotal (1/g)

<100>

3.73 × 10−9

1.2 × 10−8

3.3 × 10−8

3.6 × 10−8

<110>

4.9 × 10−10

4.1 × 10−10

4 × 10−9

4.1 × 10−9

<100>

8.5 × 10−9

2.5 × 10−8

8.1 × 10−8

8.5 × 10−8

<110>

3.1 × 10−10

6.4 × 10−9

4.8 × 10−9

8 × 10−9

Set 1

Set 2

Figure 2. 15: Acceleration sensitivity in x, y, z direction vs acceleration frequency (left)
and magnitude (right) for set 1 of resonators
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2.5 Conclusions
The acceleration sensitivity of n-type, highly-doped, silicon-based extensional resonators
aligned with different crystalline orientations is studied. Experimental results suggest that
a resonator aligned with the <110> plane direction is much less sensitive to applied
acceleration compared with a similar resonator aligned with <100> plane. A finite element
model is presented to simulate the acceleration sensitivity of the resonators used in this
study. Simulation results also confirm less sensitivity for the <110> resonator. In addition,
it was shown that material nonlinearity is an important factor affecting the acceleration
sensitivity of these type of resonators.
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CHAPTER 3: INADQUACY OF THIRD-ORDER ELASTIC COEFFICIENTS FOR
PREDICTING NONLINEARITY IN HIGHLY N-TYPE DOPED SILICON
RESONATORS

As explained in the introduction section3, with the continuous push for scaling down the
dimension of the resonator products, power handling capability and amplitude-frequency
nonlinearity raise in their prominence as performance limiting factors. Therefore,
developing nonlinear models that can predict the performance of silicon micro-resonators
in nonlinear regime is in demand. In general, the root cause for nonlinear behavior in
micro-resonators can be associated with three mechanisms; geometric nonlinearity [2124], material nonlinearity [21-23], and electrostatic nonlinearity [21, 23, 25]. Based on the
transduction mechanism of the resonator, capacitive or piezoelectric, different design
techniques to reduce nonlinearity in these devices have been widely explored [30, 7880]. Regardless of the resonator type an accurate estimation of the nonlinear elastic
coefficients of silicon, which is one of the most common material used for MEMS, is
essential for developing a model that estimates the nonlinear behavior of the device.
Recent experimental studies have revealed that nonlinearity in silicon resonators is a
sensitive function of the doping type and concentration [23, 30]. However, a direct
connection between nonlinear elastic properties of doped-silicon and the resonator
nonlinearity is yet to be established. It is currently believed in the MEMS community that

3

The material used in this paper is taken from the paper
Beheshte Khazaeili, and Reza Abdolvand, Inadequacy of Third-Order Elastic Coefficient for Predicting Nonlinearity in Highly N-Type
Doped Silicon Resonators, Submitted to IEEE Transactions on Electron Devices (TED), June 2019.
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the third-order nonlinear elastic coefficients are sufficient for describing the nonlinearity
of silicon. Both numerical [22] and closed form analytical [29] methods for finding
nonlinear Young’s modulus and consequently nonlinear amplitude frequency coefficient
has been proposed based on the third-order nonlinear constitutive equation of silicon
assuming the effect of higher-order nonlinearities are negligible. In this work, this
assumption is put to the test for the specific case of highly n-type doped silicon and it is
postulated that nonlinear coefficients beyond third-order might be required [81, 82].
The organization of this chapter is as follows. The existing analytical models to predict
amplitude-frequency nonlinearity of the mirco-resonators are presented in Section 3.1.
The proposed 3-dimensional finite element model is explained in the Section 3.2. Finally,
our interpretation and conclusion from results of the previous sections are provided in the
discussion Section 3.3.

3.1 Existing analytical models
Equation of motion for a nonlinear lumped mass-spring system can be used to represent
a nonlinear MEMS resonator response

m x  c x  k ( x) x  F cos(wt )

(3. 1)

in which x, c, m, F, and w represent modal displacement, linear damping coefficient,
effective mass, amplitude and frequency of the external force applied to the system,
respectively. k(x) is the amplitude dependent stiffness coefficient which is usually
represented by a 2nd order polynomial as (3.2).
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k ( x)  k0  k1 x  k2 x 2

(3. 2)

where k0, k1, k2 are the linear, first and second order nonlinear spring constants. The
resonance frequency of such a system is a function of vibration amplitude (𝑥̂) as follows
[23]:

f  f 0  Kxˆ

2

3 k2 5 k12
, K  ( 8 k  12 2 ) f 0
k0
0

(3. 3)

where f0 is initial resonance frequency and K is the amplitude-frequency (A-f) coefficient,
which is a measure to quantify nonlinearity of the resonators; the larger the absolute value
of K the more nonlinear the behavior of device. In addition, sign of K will determine the
type of the amplitude-frequency nonlinearity; a negative K shows softening behavior in
which the resonance frequency decreases by increasing the amplitude of vibration while
a positive K shows hardening nonlinearity meaning that resonance frequency increases
by increasing the amplitude of vibration. Figure 3.1 illustrates this concept.
For a silicon-based resonator with lateral-extensional (i.e. contour) mode shape,
linear/nonlinear spring stiffness coefficients are a function of resonator dimensions and
nonlinear Young’s modulus [83] as shown in (3.4).

k0 

 2 E0 A0
2L

4 2 E1 A0
3 4 E2 A0
, k1 
, k2 
3L2
8L3

(3. 4)

in which A0 and L are the cross-sectional area and dimension (either length or width) of
the resonator along which lateral extensional mode shape happens. In addition, E0, E1,
E2 are the linear, first and second order nonlinear Young’s modulus coefficients in the
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nonlinear equation of Young’s modulus which is defined as ratio of the engineering stress
(T) to the engineering strain (S).

Figure 3. 1: Amplitude-frequency nonlinearity of a resonator. Negative and positive values
of K show softening and hardening respectively. In an ideal case of K=0, resonator shows
completely linear behavior.

E

T
 E0  E1S  E2 S 2
S

(3. 5)

Nonlinear Young’s modulus coefficients are typically calculated based on second-order
linear and third-order nonlinear elastic stiffness constants starting from the nonlinear
stress-strain constitutive equation for silicon. Equation (3.6) shows the Cauchy stress (σ)
as a function of Lagrangian strain (η) when both geometric and material nonlinearity is
considered [22]
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 ij ( X ) 

 X X i X j
(C   Cijklmnklmn )
  k  k ijkl kl

(3. 6)

where ρx and ρα represent the deformed and undeformed densities. In addition, X is the
particle coordinate at the finite deformation and α is the undeformed state. Cijkl and Cijklmn
are the second- and third-order elastic stiffness coefficients of an anisotropic material
(silicon in our case), respectively.
To find nonlinear Young’s modulus, one method is to solve (3.6) based on numerical
solutions as a function of applied stress. Then convert Cauchy stress and Lagrangian
strain to engineering stress and strain as follows

Tii  (

X i 2
)  ii
 i

Sii 

X i
1
 i

(3. 7)

By fitting the obtained engineering stress and strain values with (3.5), nonlinear Young’s
modulus coefficients can be found.
Beside numerical solution proposed by Kaajakari, [29] has proposed a closed form
equation for nonlinear Young’s modulus coefficients as a complicated function of linear
and nonlinear elastic stiffness constants. For notational simplicity, some unit-less
parameters are defined as follows [29]

0 

c12
c12  c11
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(3. 8)

h1 

c112
2c12

h2 

c112  c123
c11  c12

h3 

c111  3c112
2(c11  c12 )

(3. 9)

g1  h1  h2  0 h3

(3. 10)

g 2  h2 2  h1h2  0 h3 (2h1  3h2 )  2 0 2 h32

(3. 11)

E0  c11  2 0c12

(3. 12)

e1  E0 (1  2 0 )  c12 ( 0 1h3  3h1  6 0 h1  3 0 h2  2 0 2 h3 )

(3. 13)

e2  E0 (2 0  4 0 2  2 0 g1  0.5)  c12 [( 0 1  2)
(h3  3 0 h1  6 0 2 h1  3 0 2 h2  2 03h3 )
2 0 (2h1 g1  h2 g1  g 2 )]

(3. 14)

At a stress-free natural state, E0 and ν0 represent Young’s modulus and Poisson’s ratio
of a cubic material. Nonlinear engineering Young’s modulus coefficients in (3.5) can be
calculated as [29]

1
E0  2 0 E0  e1
2

(3. 15)

E2  2 0 E0  2 0 g1E0  e1  2 0e1  e2

(3. 16)

E1 

In both numerical and closed form equation methods, second-order linear and third-order
nonlinear elastic stiffness tensors are considered assuming that higher-order nonlinear
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elastic constants are negligible.
Using the methods described above we attempt to predict nonlinear behavior of a bulkextensional silicon-based resonator fabricated on a highly n-type doped substrate
(n=5x1019 cm-3). The resonator is a thin-film piezoelectric on silicon (TPoS) resonator
[84] fabricated on an 8µm thick (100) SOI wafer. The resonators on the substrate are
designed and fabricated to be aligned to both (100) and (110) planes. The fundamental
lateral-extensional (i.e. contour) resonance mode of the block resonators are actuated
using a two-port electrode configuration as seen in the inset SEM of Fig.1.
The linear and nonlinear Young’s modulus coefficients and A-f coefficient (K) is
calculated for the <100>-aligned bulk-extensional resonator with dimensions of
231x154x8 (um)3 shown in Fig.3.2 using both methods described in [22] and [29]. The
second- and third-order elastic coefficients for n-type highly-doped silicon ( n~2e19 cm-3)
found in [28] are used for the calculations. A negative E2 and consequently a negative K
(i.e. spring-softening) is predicted as shown in Table 3.1. This predicted trend for the
lateral extensional mode of a <100>-aligned silicon-based resonator is exactly the
opposite of the observed spring-hardening measured by our group (Fig.3.2) and others
[23, 30].
One can argue that the discrepancy might be due to using elastic constants of
Phosphorus-doped silicon with doping concentration of n~2e19 cm-3 in calculations while
the measurement results are for Phosphorus-doped silicon with doping concentration of
n~5e19 cm-3. It should be noted that among all available reported silicon elastic constants
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in literature, 2e19 cm-3 is the closest doping concentration to our experiment. In addition,
error in measuring the elastic constants of silicon reported in [28] might be another cause
of discrepancy. In order to check possibility of this source of error, different tolerance
ranges of +/-400%, +/-250%, and +/-120% each with 700 steps is considered for the
reported elastic constants C111, C112, and C123.

[100]

Figure 3. 2: Measured output voltage amplitude for varying input amplitudes applied to a
thin-film piezoelectric-on-silicon resonator with 8μm silicon and 0.5μm AlN aligned to
(100) silicon crystalline plane.
Then, K is recalculated for each combination of those values using closed form equations
for Young’s modulus. However, none of the altered elastic constants resulted in a positive
K, therefore, this possible source of error can be eliminated.
In addition, self-heating of the resonator is ruled out as the source of the observed springhardening effect in measurement as TCF of these devices are either close to zero (the
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device was checked at turnover temperature) or negative where any thermal shift would
result in softening.
This discrepancy may also reasonably be associated with the approximations made for
simplification of the analysis, such as a 2D stress approximation (the stress is assumed
to be uniform along the length). To investigate this possible source of error and validate
the previous calculations, we have developed a novel finite element 3D model to predict
nonlinearity of the resonator as presented in the next section.

3.2 Proposed 3D numerical model to predict nonlinearity
In this model the anisotropic material elasticity matrix is modified to be strain dependent.
The nonlinear relation between second Piola-Kirchhoff stress (  ) and Lagrangian strain
(η) is described as [22, 29]:

1
2

 ij  Cijklkl  Cijklmnklmn

(3. 17)

Equation (3.17) can be rewritten as follows

1
2

 ij  (Cijkl  Cijklmnmn )kl

(3. 18)

We define the whole expression in parentheses as a new elastic stiffness tensor

1
Cijkl '  Cijkl  Cijklmnmn ,
2

𝑖, 𝑗, 𝑘, 𝑙, 𝑚, 𝑛 = 1, 2, 3

(3. 19)

In fact, the linear second-order elastic stiffness tensor can be modified so that it is strain
dependent with coefficient of nonlinear elastic constants. Since working with tensors is
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not straight forward, Voigt notation should be used to convert tensorial format to matrix
format. Equation (3.20) shows the same relationship presented in (3.18) and (3.19) but in
matrix format.

1
2

 i ( X )  (Cij  Cijkk ) j

1
Cij '  Cij  Cijkk
2

i, j, k=1, 2, 3, 4, 5, 6

(3. 20)

Now using Einstein notation and considering cubic symmetry for silicon crystalline
structure, the above equation can be expanded to find all of 36 components of the new
modified stiffness matrix 𝐶𝑖𝑗 ′ .
Silicon has cubic symmetry which requires three independent second-order elastic (SOE)
constants

C11  C22  C33  163.94GPa
C12  C13  C23  64.77GPa
C44  C55  C66  79.19GPa

(3. 21)

and six independent third-order elastic (TOE) constants [29]

C111  C222  C333  658GPa
C112  C223  C133  C113  C122  C233  511GPa
C144  C255  C366  65GPa
C155  C244  C344  C166  C266  C355  336GPa
C123  60GPa

(3. 22)

C456  86GPa
Value of second and third-order stiffness constants for highly doped n-type (n~2e19 cm3

) silicon are found in literature [28].
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Considering this symmetry and (3.20), linear elasticity matrix C (or sometimes noted as
D) for silicon can be modified as follows in COMSOL
Cˊ
Cˊ12
 11
.
 .
 .
C'  
 .
 .

C '
.
 61

.

.

.

.
.
.
.

.

.

C '16 

. 
. 

. 
. 
C '66 

(3. 23)

where Cij′ is the modified strain-dependent elastic constant that can be calculated as

1
1
1
C11'  C11  C1111  C112 2  C1133
2
2
2
1
1
1
C12'  C12  C1211  C122 2  C1233
2
2
2
.
.
1
C14'  C1444
2
.
.
1
1
1
C66'  C66  C1661  C266 2  C3663
2
2
2

(3. 24)

Strain 𝜂i 𝑖 = 1, 2, 3, 4, 5, 6 mentioned in above equation is defined as elastic strain tensor
(solid.eelij i, j= 1, 2, 3) in COMSOL. Voigt notation is used for this conversion: 𝜂1 =
solid. eel11 , 𝜂2 = solid. eel22 , 𝜂3 = solid. eel33 , 𝜂4 = solid. eel23 , 𝜂5 = solid. eel13 , 𝜂6 =
solid. eel12 .
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It should be noted that in order to correctly model the nonlinear behavior of the device,
both geometric and material nonlinearities should be considered. Geometric nonlinearity
is a predefined option in COMSOL and can be easily included. Once chosen, engineering
stress and strain definitions are not valid anymore as we deal with large deformations.
They will be replaced by second Piola-Kirchhoff stress and Lagrangian strain. More
details regarding geometric nonlinearity could be found in [24].
In order to characterize the nonlinear behavior of the resonator, a ringdown test [25] is
simulated where the resonator, modeled simply as a block of silicon, is excited with an
alternating force signal for a set period of time in time-domain and the decaying vibration
amplitude is analyzed after the signal is ceased (Fig. 3.3 and 3.4). To develop backbone
curves of Figs. 3.5a and 3.5b the decaying waveform is divided into several bins and fast
Fourier transform (FFT) is applied to find the change of resonance frequency with
amplitude. The normalized simulated frequency shift versus amplitude is seen in Fig.
3.5a., predicting spring-softening for the resonator with a K value very similar to the
analytical results (Table 3.1). It should be noted that to find K, the backbone curve is fitted
with ∆f/f0=K𝑥̂ 2 (please refer to (3.3)).
As mentioned above, to consider geometric nonlinearity in our model the predefined
geometric nonlinearity option available in COMSOL was used. To verify that this has been
defined effectively, nonlinear behavior of the first mode-shape of a clamped-clamped
beam was simulated using our proposed 3D model. It is already known that for this mode,
geometric nonlinearity is dominant and causes hardening amplitude-frequency nonlinear
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behavior [85, 86]. Therefore, nonlinear behavior of the first mode-shape of a fixed-fixed
beam made from highly n-type doped silicon was simulated when material nonlinearity of
silicon was defined as explained above and geometric nonlinearity was also included.
Spring hardening was predicted as expected, confirming the effectiveness of the
geometric nonlinearity used in our proposed model. Figure 3.6 shows the beam COMSOL
model and the simulated backbone curve predicting hardening behavior.

-F(t)

F (t )  F sin(2 f 0t )rect (t )
F(t)

Figure 3. 3: Excitation of lateral extensional mode-shape of the resonator in the proposed
3D COMSOL model
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Figure 3. 4: Ringdown response for the resonator of Fig. 3.1, simulated (left) and
measured (right)

Figure 3. 5: Vibration amplitude vs normalized resonance frequency shift obtained by
simulation (a) and amplitude of the output voltage vs normalized shift in resonance
frequency obtained by measurement (b)
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Figure 3. 6: Simulated mode-shape (left) and backbone curve (right) for the first-mode of
a clamped-clamped beam showing the expected hardening behavior due to geometric
nonlinearity. This confirms the correctness of geometric nonlinearity defined in COMSOL.

Table 3. 1: Amplitude-frequency coefficient K
E0 (GPa) E1 (GPa) E2 (GPa) A-f coefficient K (1/m2)
Experiment

NA

NA

NA

+6.548e9

Proposed FEM model NA

NA

NA

-6.949e8

Method in [22]

127.3

221.7

-602.2

-9.332e8

Method in [29]

127.3

237.3

-656.8

-1.038e9

3.3 Discussion
It was shown that all the existing and proposed models fail to predict the measured
mechanical nonlinearity in highly n-type doped bulk-extensional resonators. This
indicates a fundamental insufficiency in all the above methods including the numerical
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solution, closed form equation, and presented 3D simulation model.
We believe that this discrepancy is due to the assumption that fourth-order stiffness
elastic constants of silicon have a negligible effect. Considering that the third-order elastic
constants don’t appear to be the dominant factor in the nonlinear behavior in the studied
resonators, this hypothesis is plausible.
Unfortunately, there is no data on such higher order stiffness elastic constants of silicon,
so we cannot take them into account in the above mentioned models to confirm our
hypothesis.
However, there are some prior arts on studying the material properties of silicon at high
pressures that support our hypothesis about insufficiency of third-order elastic constants
of silicon for predicting its nonlinear behavior. For example in [87], the phase transition of
cubic-to-tetragonal for group IV semiconductors at high pressures is studied based on
Landau theory. The utilized theoretical approach they used to effectively explain such
phenomena is equivalent to considering a higher-order (at least fourth order) elastic
nonlinearity [87].
In addition, it is worth noting that the most common method used in literature to measure
nonlinear third-order elastic constants of a material is through measuring the phase
velocity of a sound wave exposed to the stressed targeted media. The measured
velocities at different applied stresses are then fitted by the theoretical formulas that were
developed to predict the sound wave velocity in the nonlinear media where only up to
third-order elastic constants are taken into account [88-92].
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It is concluded in [93] that the measured precursor velocity in silicon <110> and <111> is
in good agreement with third-order theory proposed by Holt [88, 91] confirming
negligibility of fourth-order elastic constants for these orientations. However, for <100>
silicon the measurement results do not completely match with the third-order theory
suggesting inadequacy of third-order elastic constants in predicting the nonlinear
behavior of silicon in <100> orientation. This is also the case for quartz where [94] showed
that it is necessary to consider the fourth-order elastic nonlinearity for quartz. Authors of
this work are proposing the same necessity for silicon at least for <100> crystalline plane.
Considering technology improvements in the last decades, the authors believe that
accurate measurement of higher order material nonlinearities including third- and fourthorder elastic constants of silicon at different doping types and concentrations will definitely
help researchers in different fields specifically MEMS community.
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CHAPTER 4: BULK-EXTENSIONAL SILICON RESONATORS ALIGNED TO
NON-MAJOR CRYSTALLINE PLANES
Orientation dependency of nonlinearity in silicon based MEMS resonators have been
studied in recent years [23, 65, 95]. In most of the previous studies, only two major axes
of silicon cuts <100> and <110> were studied. However, it was shown in [80] that through
dispersive energy trapping techniques devices aligned to 22.5 degrees off <110>/<100>
planes could be designed to have the least amplitude-frequency nonlinearity for a specific
n-type doping concentration.
This work4 presents an alternative design for the silicon BAW resonators aligned to nonsymmetric crystalline cuts that doesn’t depend on the rather complex dispersive energy
trapping method. For almost the same quality factor, our proposed devices show lower
insertion loss and smaller form factor compared to [80]. In addition, besides the first-order
design, for the first time a third-order LE resonator aligned to the non-major crystalline
plane is proposed. Experimental results confirm exceptionally high power handling
capacity for both first- and third-order devices, with latter outperforming the former [78].
The organization of this chapter is as follows. A brief explanation on the theory of
amplitude-frequency nonlinearity is provided in Section 4.1. Our methodology for
designing lateral-extensional resonators aligned to non-major crystalline planes of silicon

4

The material used in this chapter is taken from the paper
Beheshte Khazaeili, Sina Moradian, Sarah Shahraini, and Reza Abdolvand, Bulk-Extensional Silicon Resonators Aligned to NonMajor Crystalline Planes, accepted and presented at the joint conference of International Frequency Control Symposium and European
Frequency and Time Forum (IFCS-EFTF), April 2019.
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is presented in Section 4.2. Section 4.3 conveys the fabrication process of our devices.
Finally, the experimental results for the first- and third-order devices are presented in
Section 4.4 and 4.5, respectively.

4.1 Theory of Amplitude-Frequency Nonlinearity
As mentioned in chapter 3, a resonator acting in nonlinear regime can be modeled by a
nonlinear mass-spring system. The equation of motion for such a system is as follows:

m x  c x  k ( x) x  F cos(t )

(4. 1)

where x, m, c, F, and ω, are modal displacement, mass, damping coefficient, amplitude
and frequency of the excitation force applied to the system. In addition, k(x) is the
nonlinear spring stiffness coefficient expressed as a second-order polynomial as below

k ( x)  k0  k1 x  k2 x 2

(4. 2)

By solving the nonlinear differential equation of motion (4.1), resonance frequency of such
a system is obtained as a nonlinear function of the amplitude of vibration, 𝑥̂, as shown
below:

f  f 0 (1  Kxˆ 2 )

(4. 3)

where K, so-called amplitude-frequency coefficient, is a measure of nonlinearity. The
larger absolute value of K means more nonlinearity in the resonator behavior.
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The goal of this work is to design a resonator with minimum possible K and consequently
a high power handling capacity.

4.2 Design methodology
A typical lateral extensional mode-shape of a block resonator aligned to <100> silicon
plane is shown in Fig. 4.1.a [72]. If this device is simply rotated by 22.5°, the symmetric
mode shape will cease to exist and will be replaced by the mode-shape shown in Fig.
4.1.b for which the original tether and electrode design are not optimized.

Figure 4. 1: The mode-shape and the total in-plane stress distribution (equivalent to
charge collected on a piezoelectric film) for resonators aligned to <100> (a) and rotated
22.5° off <100> (b) with symmetric and asymmetric anchors, respectively.

One possible design-modification to excite this mode shape would be to relocate the
tethers to the asymmetric nodal points of the mode-shape and modify the electrodes to
match the new charge distribution pattern. In order to evaluate this possible design, the
perfectly matched layer (PML) is used to simulate the anchor loss in COMSOL.
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Anchor loss, which is defined as the acoustic energy going out of the resonator structure
through the anchors and then absorbed by the substrate, is typically the dominant loss
mechanism in piezoelectric-on-substrate resonators [96, 97]. Therefore, quality factor of
our devices is limited by the anchor loss. Considering PML in the COMSOL model of the
device, anchor loss and consequently quality factor of the resonator can be predicted.
PML is a domain that should be added at the exterior of the substrate body to which the
resonator is connected. The material selected for PML should be perfectly matched with
the substrate material so that no acoustic wave is reflected at the boundary of PML and
substrate. Therefore, the anchor loss is effectively modeled.
Simulated anchor loss results for the asymmetric anchor location proposal shown in Fig.
4.1.b suggest that the quality factor for such designs is quite limited (~3000).
With this observation the device length was varied to explore the possibility of achieving
high Q for an alternative dimension. By increasing resonator length in a 22.5° rotated
device, the position of nodal points on the two edges of the block moves back to the
center at a specific length for the asymmetric extensional mode of the block (Fig. 4.2).
For such devices tethers can be located symmetrically.
Figure 4.3 shows the COMSOL model including the PML used to simulate anchor loss of
the proposed design. As seen in the picture inset, the simulated loss is represented as
an imaginary part in the Eigen frequency of the resonator. Quality factor is then calculated
as [98]
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Q

Re( f )
2 Im( f )

(4. 4)

Simulated results show a high Q of 44000 for this design which is comparable to the
values achieved for blocks aligned to major planes. To achieve the maximum coupling
the electrodes have to be designed asymmetrically.

Figure 4. 2: Asymmetric lateral-extensional mode-shape and charge distribution for
device aligned to 22.5 degrees off <100> with optimized length to render low anchor loss.

Figure 4. 3: COMSOL model including the PML to simulate the anchor loss of the
proposed design aligned to 22.5 degrees off <100> orientation.
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Figure 4.4 shows the schematic of the proposed TPOS resonator. This resonator is a 2port device; the input excitation signal is applied between Port1 and Ground while the
output is read between Port2 and Ground. The proposed device with dimensions of
154x418x40 (um)3 is made of a 1um AlN layer sandwiched between two 100 nm
Molybdenum films deposited on top of a 40 um silicon layer. The resonator is suspended
by two anchors connecting the resonant body of the device to the silicon-on-insulator
(SOI) substrate shown in Fig. 4.4. In order to guarantee the maximum amount of charge
collection and consequently maximum coupling efficiency, the top electrode is pattered
asymmetrically to match with the charge distribution pattern obtained by simulation.

Port 2

Ground
Port 1

Figure 4. 4: Schematic of the proposed TPOS resonator
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4.3 Fabrication process
The five-mask fabrication process flow for the proposed TPOS resonator is shown in Fig.
4.5. In the first step (1), the 3 layers of bottom Molybdenum, AlN and top Molybdenum is
sputtered on top of an SOI wafer. Then, the top Molybdenum layer is patterned by dry
etching to form the desired top electrode shape. In the third step, the AlN is wet etched to
access the bottom electrode layer. The bottom Molybdenum layer and the 40 um silicon
layer is then dry etched down to the silicon oxide layer. In step (5), silicon substrate
underneath the device is backside etched using deep-reactive-ion etching. Finally, the
buried SiO2 layer is wet etched in either Hydrofluoric acid (HF) or Buffered Oxide Etchant
(BOE) to release the resonator. More details on fabrication process is provided in [74].

4.4 Experimental results for the first-order device
The thin-film piezoelectric-on-silicon (TPoS) devices with fundamental asymmetric
lateral-extensional mode-shape designed based on the above analysis and oriented 22.5
degrees off <100> plane were first fabricated on a lightly-doped 40 um SOI wafer using
the fabrication process explained above. One of the best resonance peaks measured
from such devices along with the SEM picture of the device is shown in Fig. 4.6. Measured
low insertion loss of ~11 dB and high quality factor of ~7K confirms the efficiency of the
proposed design.
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Figure 4. 5: Fabrication process flow of the proposed TPOS resonator

Next devices with the same designs were fabricated on a degenerately n-type doped (N
 4.6e19 to 7.3e19 cm-3) 40μm SOI substrate in order to study their mechanical

nonlinearity. The frequency responses of these devices oriented in three different
crystalline cuts for varying input power are presented in Fig. 4.7. As visually seen, the
resonator rotated 22.5° off <100>/<110> plane shows higher power-handling capacity
compared to the resonators aligned to <100> and <110> planes. However, to properly
compare the nonlinear behavior of these resonators with different quality factors and
losses, their frequency shifts should be compared for the same stored energy (i.e.
vibration amplitude), not for the same input power.
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[100]
[110]

Figure 4. 6: Frequency response and the SEM of TPoS resonator rotated 22.5 degrees
off <100> plane fabricated on a lightly-doped silicon exhibiting reasonably high Q and
very low insertion loss comparable to devices oriented to the major crystalline plane.

This can be accomplished by calculating the amplitude-frequency coefficient (K) for the
resonators through extraction of energy stored in the resonator for each input power using
the method presented in our previous work [101]. For this purpose, the S-parameters of
each device is saved as a s2p file for each specific input power. The s2p files are then
loaded into an embedded model in advanced design system (ADS) to simulate the energy
stored in the resonator and consequently the amplitude of vibration. Figure 4.8 shows the
schematic of the developed ADS model in which the two port block has the embedded Sparameters information of the resonator, the two 50 ohm resistors model the input/output
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terminations of the network analyzer used to save the S-parameters and the voltage
source is to model the input power applied to the device at the time of measuring the Sparameters. The formulas used to calculate the amplitude of vibration from the ADS
simulation results are inset to the Fig. 4.8.

Figure 4. 7: Frequency responses for resonators aligned to <100>, <110> and 22.5° off
<100> for different input powers to confirm high power handling of the device aligned to
22.5° off.
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First the total power delivered to the resonator and the 50 Ohm load is calculated. Then,
the power dissipated on the load is subtracted from that total power to calculate how much
is dissipated in the resonator alone. The stored energy in the device is then found based
on the definition of quality factor and the power dissipated in the device. Finally, amplitude
of vibration, a, is calculated based on approximating the stored energy in the device by
the elastic potential energy stored in a spring.
Therefore, the normalized resonance frequency shift as a function of amplitude of
vibration, so-called backbone curve, can be plotted for the three fabricated resonators
aligned to different crystalline orientations. Figure 4.9. shows the backbone curves fitted
with ∆f/f=K𝑥̂ 2. As seen, for the same amplitude of vibration the device aligned to 22.5° off
<100>/<110> has the minimum normalized resonance frequency shift. The amplitudefrequency coefficient K of devices rotated 22.5 degrees off <100> plane is significantly
lower than those aligned to <100> and <110> planes by a factor of 0.05 and 0.28,
respectively.
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Figure 4. 8: ADS model developed to calculate the amplitude of vibration of the device

Figure 4. 9: . Backbone curves of <100>, <110>, and 22.5 degrees off <100>/<110>
devices. |K<100>|>|K<110>|>|K<22.5>° off <100>|
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4.5 Third-Order Device
We also propose a design for the third-order lateral extensional mode device aligned to
non-major crystalline plane of 22.5◦ off <100>/<110>. Figure 4.10. shows the simulated
mode-shape of this design.

Charge Distribution

Displacement

Figure 4. 10: Mode-shape and charge distribution of the third-order design aligned to
22.5◦ off <100>/<110>.

The SEM picture and frequency response of one of the best performance third-order
devices fabricated on the lightly-doped wafer is shown in Fig. 4.11. As seen, we can
efficiently excite the target mode-shape simulated above in the resonator aligned to the
desired orientation without compromising insertion loss and quality factor. In order to
study nonlinearity, devices with above-mentioned third-order design were fabricated in
the highly n-type doped silicon wafer. To measure K, we employed the same methodology
as explained in the previous sections for the first-order device. Experimental results
including the frequency responses of the third-order device for different input powers and

73

the backbone curve is shown in Fig. 4.12 and 4.13, respectively. To compare the
nonlinearity performance of the third-order design with first-order design aligned to 22.5◦
off <100>/<110>, backbone curves of these resonators are shown on the same plot. As
seen, K3rd-order=0.58K1st-order confirming even more linear behavior for the third-order
device compared to the first-order one.

4.6 Conclusion
In this chapter, a new design methodology based on optimizing the device dimension was
proposed for efficiently excite the bulk-extensional mode-shape resonators aligned to
non-major crystalline planes. The motivation for such design is to reduce the nonlinear
behavior of the resonator at large amplitudes of vibration. Both simulation and
experimental results confirm the effectiveness of the proposed first- and third-order
designs to efficiently excite the lateral-extensional mode-shape in the resonators aligned
to 22.5◦ off <100>/<110> silicon crystalline plane. In addition, it is experimentally shown
that amplitude-frequency nonlinearity is significantly lower in the resonators aligned to
this orientation compared to the same designs aligned to major planes of <100> and
<110>. It is worth note that the proposed third-order design aligned to 22.5◦ off
<100>/<110> cut exhibit less normalized resonance frequency shift at the same
amplitude of vibration compared to the first-order design aligned to the same orientation.
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Figure 4. 11: Frequency response of the 3rd-order device aligned to 22.5◦ off
<100>/<110> fabricated on a lightly doped SOI wafer.
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Figure 4. 12: Frequency responses of the 3rd-order device aligned to 22.5◦ off
<100>/<110> fabricated on a highly doped SOI wafer for different input powers. Note that
even 30 dbm input power (1 Watt) causes a small frequency shift for this device.

Figure 4. 13: Backbone curves of the third-order and first-order devices aligned to 22.5◦
off <100>/<110> confirming more linearity for the third-order design.
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APPENDIX: PERMISSIONS FOR REUSING THE PUBLISHED PAPERS [64,
65, 78] IN THE DISSERTATION
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1- MDPI [65]
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